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ABSTRACT. – We study a class of compact complex manifolds, with positive first Chern class C1, fibered
over products of projective spaces. When the spaces of the basis don’t have the same dimension, we know
that these bundles cannot carry Einstein–Kähler metrics. In this article, we construct a metric belonging
to C1, with an optimal lower bound of the Ricci curvature. Ó 2000 Éditions scientifiques et médicales
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RÉSUMÉ. – On étudie une famille de variétés complexes compactes, à première classe de Chern C1
positive, fibrées sur des produits d’espaces projectifs. Lorsque ceux-ci n’ont pas la même dimension, on
sait que les variétés considérées ne peuvent posséder de métriques d’Einstein–Kähler. Dans cet article, on
met en évidence des métriques appartenant à C1 dont la courbure de Ricci est minorée de facon optimale.
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1. Introduction
Let (M,g) be a compact Kähler manifold of complex dimension m, with positive first Chern
class C1(M). We choose the metric g in C1(M); hence we have
ω = i
2pi
gλµ dz
λ ∧ dzµ ∈ C1(M),
gλµ being the components of g in a local holomorphic coordinates system. A Kählerian change
of metric can be written
g′λµ = gλµ + ∂λµϕ,
where ϕ ∈ C∞(M) is such that the (1-1)-form i(gλµ + ∂λµϕ) dzλ ∧ dzµ is positive definite. So
g′ is a Kählerian metric (we say that ϕ is C∞g-admissible).
Let us consider the Monge–Ampère equation:
logM(ϕ)=−λϕ + f, λ > 0(1)
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where f is the geometric datum given by
Ricci(ω)−ω = i
2pi
∂∂f
and
M(ϕ)= det(g′g−1)= det

1+∇11ϕ ∇21ϕ . . . ∇m1 ϕ
∇12ϕ 1+∇22ϕ . . . ∇m2 ϕ
...
...
...
∇1mϕ ∇2mϕ . . . 1+∇mmϕ
 .
Any solution of (1) is g-admissible and, if (1) admits a solution ϕ for λ= 1, then
g′λµ = gλµ + ∂λµϕ
is an Einstein–Kähler metric on M .
To solve (1), Aubin shows in [2] how to apply the continuity method. He considers the family
of equations
logM(ϕ)=−tϕ + f, t ∈ [0, λ],(2)
and reduces the problem to the existence of a C0 uniform estimate for solutions of equations (2).
He introduces an invariant and establishes that the searched C0 estimate holds as soon as an
inequality is satified. Using this result and a Hörmander inequality [12] (see also Bombieri [10]
and Skoda [14]), Tian defines in [15] another invariant and obtains the following theorem:
THEOREM. – Let (M,g) be a compact Kähler manifold of complex dimension m with
C1(M) > 0, and let G⊂ Aut(M) be an automorphisms group of M . We suppose that the metric
g is G-invariant and belongs to C1(M). We define:
αG(M)= sup
{
α > 0; ∃ C such that ∀ϕ ∈AG,
∫
M
exp(−αϕ)dv 6 C exp
(
−α
V
∫
M
exp ϕ dv
)}
,
where
AG =
{
ϕ ∈C∞(M), g-admissible and G-invariant},
dv = im det(gλµ) dz1 ∧ dz1 ∧ · · · ∧ dzm ∧ dzm and V =
∫
M
dv.
Then, if αG(M) > mm+1 , the uniform estimate for solutions of (2) holds for t ∈ [0,1] and M
admits an Einstein–Kähler metric.
As it is shown in [6] and [9], the preceding result remains valid if we replace AG by
A′G = {ϕG-invariant,weakly g-admissible and
admitting a vanishing Lelong number at every point}.
In the next chapter, we shall define the bundles Xd1,d2,...,dn . According to Futaki [11], one
knows that when di 6= dj for some i 6= j , these bundles cannot carry Einstein–Kähler metrics.
However, it is interesting to evaluate their Tian invariant. Indeed, it allows us to solve equation (1)
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and to obtain metrics belonging to C1, with explicit lower bound of Ricci curvature. A special
case of this topic is studied in [8] and [9]. We generalize this preceding work, and improve it,
showing that the constants we compute are optimal.
The precise statement of the principal results of this paper is given in Part 3. The proof is
inspired by a method imagined by Aubin [4] for the determination of α(Pm).
2. The bundles Xd1,d2,...,dn
2.1. Definitions
Let 26 d1 6 d2 6 · · ·6 dn be n integers, and m= d1 + d2 + · · · + dn − 1. Let us define the
following vector bundle Xˆ=Xˆd1,d2,...,dn over the basis:
B = Bd1,d2,...,dn = Pd1−1 × Pd2−1 × · · · × Pdn−1:
Xˆ = {(L1,L2, . . . ,Ln, u1, u2, . . . , un)
∈ (Pd1−1 × Pd2−1 × · · · × Pdn−1)×
(
Cd1 ×Cd2 × · · · ×Cdn)
such that ∀h= 1, . . . , n, uh ∈ Lh
}
.
For any q = (L1,L2, . . . ,Ln), the fiber Xˆq of Xˆ over q is a n-dimensional subspace of
Cd1 ×Cd2 × · · · ×Cdn =Cm+1.
X = Xd1,d2,...,dn denotes the projective bundle associated to Xˆ; the fiber Xq is by definition
the (n− 1)-dimensional projective space
P
(
Xˆq
)⊂ Pm = P(Cm+1),
i.e. the set of lines of Xˆq ⊂ Cm+1. X is a compact complex manifold of complex dimension
(d1 − 1)+ (d2 − 1)+ · · · + (dn − 1)+ (n− 1)=m.
Any element of X is labelled (q, [u]), where q = (L1,L2, . . . ,Ln) belongs to B and where
[u] ∈ Pm is the line of Cm+1 generated by the element u= (u1, u2, . . . , un) ∈Cd1 ×Cd2 × · · · ×
Cdn , with uh ∈Lh for all h, and uh 6= 0.
We now define holomorphic surjective mappings (pih)16h6n and pi fromX into (Pdh−1)16h6n
and Pm respectively. If x = (q, [u]) ∈X, we set:
pih(x)= Lh and pi(x)= [u].
These maps are clearly surjective. Indeed, as regards pi , if
[Z] = [Z1, . . . ,Zn] ∈ Pm,
with Z1 ∈Cd1, . . . ,Zn ∈Cdn not all equal to zero, let us pick, for any h, a line Lh ∈ Pdh−1 such
that Zh ∈Lh. Then, if q = (L1,L2, . . . ,Ln) and x = (q, [Z]), we have pi(x)= [Z].
Denote by:
V = {[Z] = [Z1, . . . ,Zn] ∈ Pm;Zh 6= 0 ∀h}
and
U = {x = (q, [Z])∈X; Zh 6= 0 ∀h}.
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The restriction of pi to U is a biholomorphic mapping between the open dense subset U of X
and the open dense subset V of Pm. Notice that
X−U =11 ∪ · · · ∪1n,
where1h is the hypersurface ofX corresponding to the points x for whichZh = 0 in the previous
description.
We will have to consider the subset U∗ of U such that:
V ∗ = pi(U∗)= {[z1, . . . , zn] ∈ Pm; zk 6= 0 ∀k}.
2.2. Description of an atlas of X
Any element x ∈X can be described as follows:
x = ([u1], . . . , [un]; [λ1u1, . . . , λnun]),
where
Lh = [uh] ∈ Pdh−1, Λ= [λ1, . . . , λn] ∈ Pn−1 and [λ1u1, . . . , λnun] ∈ Pm;
notice that Λ depends on the generators [uh] of the lines Lh. Using this description and the
natural coordinates systems on the projective spaces, we obtain an atlas of X with nd1, . . . , dn
charts, whose domains are labelled (Uα)α∈{1,...,nd1,...,dn}. The chart (U,pi) is compatible with this
atlas.
The hypersurface1h is the set of points x such that λh = 0.
2.3. Automorphisms group G of X
The natural automorphisms groups G˜(Pdh−1) of Pd1−1, . . . ,Pdn−1, obtained by permutations
of homogeneous coordinates and multiplication by eiθ (θ ∈R), induce automorphisms of X; for
instance, if σ ∈ G˜(Pd1−1),([u1], . . . , [un]; [λ1u1, . . . , λnun])→ ([σ(u1)], . . . , [un]; [λ1σ(u1), . . . , λnun]).
If dh = dk , the permutation of factors of indices h and k in the basis B yields an automorphism
of X, given, for instance if (h, k)= (1,2), by:([u1], [u2], . . . , [un]; [λ1u1, . . . , λnun])→ ([u2], [u1], . . . , [un], [λ2u2, λ1u1, . . . , λnun]).
In this way, we obtain a group G of automorphisms of X which leaves invariant the open
set U . Read in chart (U,pi), G is the restriction to V of the automorphisms group of Pm
generated by σij , τlθ defined for i, j ∈ Ih = {d0 + · · · + dh−1, . . . , d0 + · · · + dh − 1} with
d0 = 0, h ∈ {1, . . . , n}, l ∈ {0,1, . . . ,m} and θ ∈ [0,2pi] by:
σij
([z0, . . . , zi, . . . , zj , . . . , zk, . . . , zm])= [z0, . . . , zj , . . . , zi, . . . , zk, . . . , zm],
and
τlθ
([z0, . . . , zl, . . . , zm])= [z0, . . . , zl eiθ , . . . , zm].
If dh = dk , we add the automorphisms σij , with i ∈ Ih and j ∈ Ik .
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2.4. Construction of a metric g ∈C1(X)
For any integer d , we consider the metric on Pd associated to the positive (1-1)-form ωd =
i∂∂Kd , where the potential Kd is given, in homogeneous coordinates, by:
Kd = log(x0 + · · · + xd) with xj = |zj |2.
We introduce the following metric g on X:
g = npi?ωm +
n∑
h=1
(dh− 1)pi?hωdh−1,
where the mappings pi and pih are defined in 2.1.
Representing x ∈X under the form:
x = ([u1], . . . , [un]; [λ1u1, . . . , λnun]),
if we set
H = (|λ1u1|2 + · · · + |λnun|2)n n∏
h=1
|uh|2(dh−1),
and write H in all charts (Uα)α∈{1,...,nd1,...,dn}, we see that Ω = i∂∂ logH is a globally defined
(1-1)-form generating the metric g.
In chart (U,pi), corresponding to natural homogeneous coordinates z0, . . . , zm of Pm, the
potential K of g is given by:
K = log
(
tn
n∏
h=1
t
dh−1
h
)
,
where th =∑j∈Ih xj , t =∑nh=1 th =∑mj=0 xj , xj = |zj |2, and
Ih = {d0 + · · · + dh−1, . . . , d0 + · · · + dh − 1} with d0 = 0, h ∈ {1, . . . , n}.
PROPOSITION 1. – (i) g belongs to C1. Hence C1 is positive.
(ii) In chart (U,pi), the determinant of g and the components of Ricci tensor are respectively
given by:
detg = nn−1
∏n
h=1[(dh − 1)t + nth]dh−1
tm+1
∏n
h=1 t
dh−1
h
and
Rλµ = gλµ + ∂λµF,
where F ∈ C∞(X) is defined in chart (U,pi) by:
F = log
{
tm+1−n
n∏
h=1
[
(dh − 1)t + nth
]1−dh}.
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Proof. – Computation of det(g). Using chart z0 = 1 in V = pi(U), we must compute
det
(
∂λµ log
(
tn
n∏
h=1
t
dh−1
h
))
16λ,µ6m
.
Setting J1 = I1 − {0} and Jh = Ih if 26 h6 n, we have:(
∂λµ log tdh−1h
)
λ,µ∈Jh = (dh − 1)
(
δλµ
th
− zλzµ
t2h
)
λ,µ∈Jh
and (
∂λµ log tn
)
16λ,µ6m = n
(
δλµ
t
− zλzµ
t2
)
16λ,µ6m
,
where δλµ denotes the Kronecker symbols.
Then, we write the matrix (
∂λµ log
(
tn
n∏
h=1
t
dh−1
h
))
16λ,µ6m
as the sumB+W , whereB = diag(B1, . . . ,Bn) is diagonal by blocks andW = nt2 (zλzµ)16λ,µ6m
has rank one. Bh is of order d1 − 1 if h= 1, and dh if h> 2; it is given by:
Bh =
{(
n
t
+ dh − 1
th
)
δλµ − (dh − 1)zλzµ
t2h
}
λ,µ∈Jh
.
We shall use several times the following property: if a matrix M of order d is sum of
diag(a1, . . . , ad) and of the rank one matrix (b1V, . . . , bdV ), where tV = (v1, . . . , vd), then
detM = a1 . . . ad +
d∑
l=1
a1 . . . al−1blvlal+1 . . . ad .
Let us compute detBh. First, for h= 1, we get:
detB1 =
(
n
t
+ d1 − 1
t1
)d1−2{n
t
+ d1 − 1
t1
− d1 − 1
t21
(x1 + · · · + xd1−1)
}
=
(
n
t
+ d1 − 1
t1
)d1−2{n
t
+ d1 − 1
t1
− d1 − 1
t21
(t1 − 1)
}
=
(
n
t
+ d1 − 1
t1
)d1−2(n
t
+ d1 − 1
t21
)
;
on the other hand, if h> 2,
detBh =
(
n
t
+ dh − 1
th
)dh−1{n
t
+ dh − 1
th
− dh − 1
t2h
(xd1+···+dh−1 + · · · + xd1+···+dh−1)
}
=
(
n
t
+ dh − 1
th
)dh−1(n
t
+ dh − 1
th
− dh − 1
t2h
th
)
= n
t
(
n
t
+ dh − 1
th
)dh−1
.
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Now, let us write B = (V1, . . . , Vm) andW = (− nt2 z1Z, . . . ,− nt2 zmZ), with tZ = (z1, . . . , zm).
Taking into account the decomposition of B in diagonal blocks, we infer:
det(B +W)− detB
=
m∑
l=1
det
(
V1, . . . , Vl−1,− n
t2
zlZ,Vl+1, . . . , Vm
)
=
n∑
h=1
∑
l∈Jh
det(B1, . . . ,Bh−1,Vd1+···+dh−1, . . . ,−
n
t2
zlZ, . . . , Vd1+···+dh−1,Bh+1, . . . ,Bn
)
=
m∑
h=1
∑
l∈Jh
det(B1, . . . ,Bh−1,Vd1+···+dh−1, . . . ,−
n
t2
zlZh, . . . , Vd1+···+dh−1,Bh+1, . . . ,Bn
)
,
with tZh = (0, . . . ,0, zd1+···+dh−1, . . . , zd1+···+dh−1,0, . . . ,0). Hence we get:
det(B +W)− detB =
n∑
h=1
B1 . . . Bˆh . . .Bn
(∑
l∈Jh
detBlh
)
,
where Blh is the matrix obtained by replacing in Bh the column of index l by (− nt2 zlZh) ∈Cdh
(or Cd1−1 if h= 1).
Since each column of Bl1 of index ν 6= l is the sum of ( nt + d1−1t1 )eν (eν being the vector of
the canonical basis of Cd1−1 of index ν), and of the vector − d1−1
t21
Z1, we have:
∑
l∈J1
detBl1 =
(
n
t
+ d1 − 1
t1
)d1−2{
− n
t2
(x1 + · · · + xd1−1)
}
= n
t2
(1− t1)
(
n
t
+ d1 − 1
t1
)d1−2
.
Analogously, when h> 2,∑
l∈Jh
detBlh =
(
n
t
+ dh − 1
th
)dh−1{
− n
t2
(xd1+···+dh−1 + · · · + xd1+···+dh−1)
}
=−nth
t2
(
n
t
+ dh − 1
th
)dh−1
.
It follows that
det(B +W)=
(
n
t
+ d1 − 1
t1
)d1−2 n∏
h=2
(
n
t
+ dh − 1
th
)dh−1
×
{(
n
t
+ d1 − 1
t21
)(
n
t
)n−1
+
(
n
t2
)
(1− t1)
(
n
t
)n−1
+
(
n
t
+ d1 − 1
t21
)(
n
t
)n−2 n∑
h=2
−nth
t2
}
;
since t2 + · · · + th = t − t1, the expression between brackets {· · ·} is equal to:
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n
t
)n−1{(
n
t
+ d1 − 1
t21
)
+
(
n
t2
)
(1− t1)+
(
n
t
+ d1 − 1
t21
)
t1 − t
t
}
=
(
n
t
)n−1{(
n
t
+ d1 − 1
t21
)
t1
t
+ n
t2
− nt1
t2
}
.
From the equality
n∑
h=1
(dh − 1)+ n=
n∑
h=1
dh =m+ 1,
we finally infer:
det(g)= det(B +W)
=
(
n
t
+ d1 − 1
t1
)d1−2 n∏
h=2
(
n
t
+ dh − 1
th
)dh−1(n
t
)n−1 1
t
(
n
t
+ d1 − 1
t1
)
= n
n−1
tn
n∏
h=1
(
n
t
+ dh − 1
th
)dh−1
= nn−1
∏n
h=1[(dh− 1)t + nth]dh−1
tm+1
∏n
h=1 t
dh−1
h
,
which is the requested formula.
Computation of Ricci(g). In chart (U,pi), we have
Rλµ =−∂λµ log det(g)= gλµ + ∂λµF,
where F ∈ C∞(X) is defined by
F = tm+1−n
n∏
h=1
[
(dh − 1)t + nth
]1−dh.
Consequently, g belongs to C1, and the proposition is proved. 2
3. Statement and proof of the results
THEOREM 1. – For λ < m+1
nm
, there exists a Kählerian metric on the manifold X =
Xd1,d2,...,dn defined in 2.1, belonging to C1(X), whose Ricci curvature is greater than λ. If the
family (dh)16h6n contains only exactly p > 2 distinct elements, the previous result is true when
λ < m+1
pm
.
We start by a lemma concerning the computation of the integral of G-invariant functions. It
reduces it to the sum of n integrals over cubical domains.
3.1. Integration of G-invariant functions
LEMMA 1. – If ϕ is a G-invariant integrable function defined on X = Xd1,d2,...,dn , the
following equality holds:∫
X
ϕ dv = d1
∫
|zi |61
ϕ(1, z1, . . . , zm) dv+ · · ·
A.B. ABDESSELEM, P. CHERRIER / J. Math. Pures Appl. 79 (2000) 919–940 927
· · · + dn
∫
|dzi |61
ϕ(z0, . . . , zd1+···+dn−1−1,1, zd1+···+dn−1+1, . . . , zm) dv.
The n integrals of the right-hand side are computed in chart (U∗,pi).
Proof. – (i) We first study the case n = 2. Given a G-invariant integrable function ϕ defined
on X =Xd1,d2 , we have∫
X
ϕ(1, z1, . . . , zm) dv =
∫
|z1|,...,|zd1−1|<1
ϕ(1, z1, . . . , zm) dv
+ (d1 − 1)
∫
|z1|>1,|z2|,...,|zd1−1|<|z1|
ϕ(1, z1, . . . , zm) dv
=
∫
|z1|,...,|zd1−1|<1
ϕ(1, z1, . . . , zm) dv
+ (d1 − 1)
∫
|z1|>1,|z2|,...,|zd1−1|<|z1|
ϕ
(
1,
1
z1
,
z2
z1
, . . . ,
zm
z1
)
dv.
Let us remind that
dv = im det(gλµ) dz1 ∧ dz1 ∧ · · · ∧ dzm ∧ dzm,
where det(gλµ), the determinant of the metric g, is given, for n= 2, by:
det(gλµ)= 2
∏2
h=1[(dh− 1)t + 2th]dh−1
tm+1
∏2
h=1 t
dh−1
h
.
Thus, the involutive change of coordinates
Z = (z1, . . . , zm)→ 0 = (γ1, . . . , γm)=
(
1
z1
,
z2
z1
, . . . ,
zm
z1
)
leaves invariant the volume element dv, and exchanges the subsets{
Z; |z1|> 1, |z2|, . . . , |zd1−1|< |z1|
}
and
{
0; |γ1|, . . . , |γd1−1|< 1
}
.
Hence, we have∫
|z1>1,|z2|,...,|zd1−1|<|z1|
ϕ
(
1,
1
z1
,
z2
z1
, . . . ,
zm
z1
)
dv =
∫
|γ1|,...,|γd1−1|<1
ϕ(1, γ1, . . . , γm) dv
and, consequently,∫
X
ϕ(1, z1, . . . , zm) dv = d1
∫
|z1|,...,|zd1−1|<1
ϕ(1, z1, . . . , zm) dv.
Now, let us perform an analogous manipulation with the second block of coordinates
(zd1, . . . , zm). We first write:
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X
ϕ(1, z1, . . . , zm) dv = d1
∫
|z1|,...,|zm|<1
ϕ(1, z1, . . . , zm) dv
+d1d2
∫
|z1|,...,|zd1−1|<1,|zd1 |>1,|zd1+1|,...,|zm|<|zd1 |
ϕ(1, z1, . . . , zm) dv.
Then, we transform the second integral of the previous equality as follows:
d1d2
∫
|z1|,...,|zd1−1|<1,|zd1 |>1,|zd1+1|,...,|zm|<|zd1 |
ϕ(1, z1, . . . , zm) dv
= d1d2
∫
|z1|,...,|zd1−1|<1,|zd1 |>1,|zd1+1|,...,|zm|<|zd1 |
ϕ
(
1
zd1
,
z1
zd1
, . . . ,
zd1−1
zd1
,1,
zd1+1
zd1
, . . . ,
zm
zd1
)
dv
= d1d2
∫
|ζ0|<1,|ζ1|,...,|ζd1−1|<|ζ0|,|ζd1+1|,...,|ζm|<1
ϕ(ζ0, . . . , ζd1−1,1, ζd1+1, . . . , ζm) dv
(since dv is invariant under the change of coordinates
(z1, . . . , zm)→
(
1
zd1
,
z1
zd1
, . . . ,
zd1−1
zd1
,
zd1+1
zd1
, . . . ,
zm
zd1
)
= d2
∫
|ζi |<1
ϕ(ζ0, . . . , ζd1−1,1, ζd1+1, . . . , ζm) dv
(invariance of ϕ by permutations of the coordinates ζ0, . . . , ζd1−1).
Finally, we obtain:∫
X
ϕ(1, z1, . . . , zm) dv = d1
∫
|z1|,...,|zm|<1
ϕ(1, z1, . . . , zm) dv
+d2
∫
|zi |<1
ϕ(z0, . . . , zd1−1,1, zd1+1, . . . , zm) dv.
(ii) Next, we proceed by induction. Let us set y1 = (z0, . . . , zd1−1) and, for 2 6 k 6 n,
yk = (zd1+···+dk−1, . . . , zd1+···+dk−1). The notation y˜k means that the first component of yk is
equal to one; we note yk 6 1 if all components of yk verify |zj |6 1. And now, we have:∫
X
ϕ(y˜1, y2, . . . , yn−1, yn) dv= d1
∫
y1,...,yn−161
ϕ(y˜1, y2, . . . , yn−1, yn) dv
+ · · · + dn−1
∫
y1,...,yn−161
ϕ(y1, . . . , yn−2, y˜n−1, yn) dv
(by induction hypothesis)
= d1
∫
y1,...,yn61
ϕ(y˜1, y2, . . . , yn−1, yn) dv
+ · · · + dn−1
∫
y1,...,yn61
ϕ(y1, . . . , yn−2, y˜n−1, yn) dv
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+d1dn
∫
A
ϕ(y˜1, y2, . . . , yn−1, yn) dv
+ · · · + dn−1dn
∫
A
ϕ(y1, . . . , yn−2, y˜n−1, yn) dv
(using invariance of ϕ with respect to permutations of the last dn arguments), where:
A= {y1, . . . , yn−1 6 1, |zd1+···+dn−1 |> 1, |zd1+···+dn−1+1|, . . . , |zm|6 |zd1+···+dn−1 |}.
For h= 1, . . . , n− 1, let us set
Jh = dh
∫
A
ϕ(y1, . . . , y˜h, . . . , yn−1, yn) dv.
We have to prove that
n−1∑
h=1
Jh =
∫
y1,...,yn61
ϕ(y1, . . . , yn−1, y˜n) dv.
We transform J1 as follows:
J1 = d1
∫
A
ϕ(y˜1, . . . , yn−1, yn) dv
= d1
∫
A
ϕ
(
y˜1
zd1+···+dn−1
, . . . ,
yn−1
zd1+···+dn−1
,1,
zd1+···+dn−1+1
zd1+···+dn−1
, . . . ,
zm
zd1+···+dn−1
)
dv
= d1
∫
B
ϕ(ζ0, . . . , ζd1−1, . . . , ζd1+···+dn−1−1,1, ρd1+···+dn−1+1, . . . , ρm) dv
(by an obvious isometric change of variables we don’t explicit), where:
B = {|ζ0|< 1, |ζ1|, . . . , |ζd1+···+dn−1−1|< |ζ0|, |ρd1+···+dn−1+1|, . . . , |ρm|6 1}.
Then, using the invariance of ϕ with respect to permutations of the first d1 components, the last
equality yields:
J1 =
j=d1−1∑
j=0
∫
|ζj |,|ρi |61,max |ζk |=|ζj |
ϕ(ζ0, . . . , ζd1−1, . . . , ζd1+···+dn−1−1,1,
ρd1+···+dn−1+1, . . . , ρm) dv.
An analogous result holds for J2, . . . , Jn−1, which gives the requested equality:
J1 + · · · + Jn−1
=
j=d1+···+dn−1∑
j=0
∫
|ζj |,|ρi |61,max |ζk |=|ζj |
ϕ(ζ0, . . . , ζd1+···+dn−1−1,1, ρd1+···+dn−1+1, . . . , ρm) dv
=
∫
|ζk |,|ρi |61
ϕ(ζ0, . . . , ζd1+···+dn−1−1,1, ρd1+···+dn−1+1, . . . , ρm) dv.
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Notice that this lemma is valid for functions invariant with respect to the automorphisms σij
defined in 2.3; the invariance with respect to the τlθ is not used in the proof.
3.2. Lower bound of αG(Xd1,...,dn)
THEOREM 2. – Let X = (Xd1,d2,...,dn, g) be the Kähler manifold defined in 2.1, with d1 <
d2 < · · ·< dn. Then, if α < 1/n, there exists a constantC such that, for any ϕ ∈AG(X), we have∫
X
exp(−αϕ)dv 6 C exp
(
−α
V
∫
X
ϕ dv
)
.(3)
We recall that
AG(X)=
{
ϕ ∈C∞(X), g-admissible and G-invariant},
where G is the automorphisms group defined in 2.3.
Proof. – Let ϕ ∈AG(X) be a g-admissible, G-invariant function on X, such that
∫
X
ϕ dv = 0.
We have to prove the following inequality:∫
X
exp(−αϕ)dv 6 Cst.
Step 1. Let P∗dn be the blow-up of Pdn at one point; we start by integrating e
−αϕ over a subset
X∗ of X, identified to a dense open subset of P∗dn , with respect to the natural metric of P
∗
dn
.
We set k = d1 + · · · + dn−1 − 1. In chart (U∗,pi), where we take z0 = 1, and thus identify U∗
with {[1, z1, . . . , zm] ∈ Pm; zj 6= 0 ∀j }, let us consider the restriction ϕ∗(zk+1, . . . , zm) of ϕ to
the set X∗ obtained by fixing z1, . . . , zk . X∗ may be viewed as (an open dense subset of) P∗dn ,
with homogeneous coordinates of Pdn labelled z0, zk+1, . . . , zm.
As z1, . . . , zk are constant on X∗, for k + 1 6 λ,µ6m, the components of the restriction of
metric g to X∗ are given by:
gλµ = n∂λµ log(1+ tn)+ (dn − 1)∂λµ log tn + ∂λµf1,
where
f1 = n log
(
t
1+ tn
)
.(4)
Definitions of tn and t are respectively given in 2.4.
Since ϕ is g-admissible, (ϕ + f1)∗ is admissible with respect to
n∂λµ log(1+ tn)+ (dn − 1)∂λµ log tn
= n
2
[
2∂λµ log(1+ tn)+ (dn − 1)∂λµ log tn
]−(n
2
− 1
)
(dn − 1)∂λµ log tn.
Consequently, as the matrix (∂λµ log tn)λ,µ∈In is non negative and as n > 2, (ϕ + f1)∗ is
admissible with respect to
n
2
[
2∂λµ log(1+ tn)+ (dn − 1)∂λµ log tn
]= n
2
g∗,
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where g∗ is the natural metric of P∗dn (recall that g∗ belongs to C1(P∗dn)).
On the other hand, g∗ and also (ϕ + f1)∗ (since ϕ and f1 are G-invariant) are invariant
by the automorphisms group G∗ of X∗ deduced from the automorphisms group of Pdn =
{[z0, zk+1, . . . , zm]} generated by the transformations defined for p,q ∈ {k + 1, . . . ,m}, r ∈
{0, k+ 1, . . . ,m} and θ ∈R as follows:
σpq
([z0, zk+1, . . . , zp, . . . , zq, . . . , zm])= [z0, zk+1, . . . , zq, . . . , zp, . . . , zm]
and
τrθ
([z0, zk+1, . . . , zr , . . . , zm])= [z0, zk+1, . . . , zreiθ , . . . , zm].
In [8], one shows that Tian’s constant αG∗(X∗) is equal to 1/2. Hence, as 2n (ϕ + f1)∗ is
g∗-admissible, for α < 1/n, we get:∫
X∗
exp
{−α(ϕ + f1)}dv∗ 6 C exp{−α
V ∗
∫
X∗
(ϕ + f1) dv∗
}
,(5)
where dv∗ is the volume element of metric g∗, and V ∗ = ∫X∗ dv∗.
Step 2. Let us show how to get rid of f1 in (5). Using the inequality, which follows from
definition (4) of f1,
−f1 >−n log(t1 + · · · + tn−1)
in the left-hand side of (5), for α < 1/n, we obtain:∫
X∗
exp(−αϕ)
(
1
t1 + · · · + tn−1
)nα
dv∗ 6 Cst exp
{
−α
V ∗
∫
X∗
(ϕ + f1) dv∗
}
.(6)
Let us set ρ = t1 + t2 + · · · + tn−1 (> 1) and
ψ0(ρ)= 1
V ∗
∫
X∗
f1 dv
∗ − n logρ.
According to definition (4) of f1, and as V ∗ =
∫
X∗ dv
∗
, we have
ψ0(ρ)= n
V ∗
∫
X∗
log
tn + ρ
(1+ tn)ρ dv
∗.
Since
1
1+ tn 6
tn + ρ
(1+ tn)ρ 6 1,
by Lebesgue dominated convergence theorem, ψ0(ρ) is a continuous function on [1,+∞[,
everywhere6 0, and such that
ψ0(1)= 0, lim
ρ→∞ψ0(ρ)=−
n
V ∗
∫
X∗
log(1+ tn) dv∗.
Hence ψ0 is bounded and we can write:
932 A.B. ABDESSELEM, P. CHERRIER / J. Math. Pures Appl. 79 (2000) 919–940
exp
(
−α
V ∗
∫
X∗
f1 dv
∗
)
= exp[−αn logρ − αψ0(ρ)]6 Cst
(t1 + · · · + tn−1)nα .
Thanks to this inequality, we obtain an upper bound of the right-hand side of (6), yielding for
α < 1/n: ∫
X∗
exp(−αϕ)dv∗ 6 Cst exp
(
−α
V ∗
∫
X∗
ϕ dv∗
)
.(7)
Step 3. We now establish that averaging ϕ over (X∗, dv∗) yields a function ϕ˜ on Xn−1 =
Xd1,...,dn−1 , to which we apply the inductive hypothesis: αG(Xn−1)> 1/(n− 1).
Let us set k = d1 + · · · + dn−1 − 1,
ϕ˜(z1, . . . , zk)= 1
V ∗
∫
X∗
ϕ(z1, . . . , zm) dv
∗
and, for λ,µ ∈ {1, . . . , k},
g˜λµ(z1, . . . , zk)= 1
V ∗
∫
X∗
gλµ(z1, . . . , zm) dv
∗,
where dv∗ = idn det(g∗λµ) dzk+1 ∧ dzk+1 ∧ · · · ∧ dzm ∧ dzm and
det(g∗λµ)= 2
{2(xk+1+ · · · + xm)+ (dn − 1)(1+ xk+1 + · · · + xm)}(dn−1)
(1+ xk+1 + · · · + xm)(dn+1)(xk+1 + · · · + xm)(dn−1) .
Taking into account the value of gλµ, given in 2.4, since ∂λµ log tn = 0 for λ,µ ∈ {1, . . . , k},
we have:
g˜λµ = 1
V ∗
∫
X∗
[
n∂λµ log(t1 + · · · + tn−1 + xk+1 + · · · + xm)
+ (d1 − 1)∂λµ log t1 + · · · + (dn−1 − 1)∂λµ log tn−1
]
dv∗
= n∂λµ log(t1 + · · · + tn−1)+ (d1 − 1)∂λµ log t1
+ · · · + (dn−1 − 1)∂λµ log tn−1 + ∂λµψ1,
where
ψ1(z1, . . . , zk)= n
V ∗
∫
X∗
log
1+ x1 + · · · + xm
1+ x1 + · · · + xk dv
∗;
ψ1 may be extended to the k-dimensional manifoldXn−1 as a continuous bounded non-negative
function. The restriction of ψ1 to chart (U∗n−1,pi) (analogous to chart (U∗,pi) of X), where we
take {z0 = 1}, is given by the previous expression of ψ1.
gn−1 denotes the metric on Xn−1 defined in 2.4, dvn−1 is the corresponding volume element,
and Vn−1 =
∫
Xn−1 dvn−1.
Now, on U∗n−1, we have
g˜λµ + ∂λµϕ˜ = n
n− 1
{
(n− 1)∂λµ log(t1 + · · · + tn−1)
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+ n− 1
n
n−1∑
h=1
(dh − 1)∂λµ log th
}
+ ∂λµ(ϕ˜ +ψ1)
= n
n− 1 (gn−1)λµ + ∂λµ(ϕ˜ +ψ1)−
1
n− 1
n−1∑
h=1
(dh − 1)∂λµ log th.
But, ϕ being g-admissible, ϕ˜ is g˜-admissible; moreover, the (1-1)-form
n−1∑
h=1
i∂∂ log tdh−1h
is non-negative on U∗n−1. Hence, the continuous plurisubharmonic function ϕ˜ + ψ1 is ( nn−1 )×
gn−1-admissible onXn−1; it is also invariant with respect to the automorphisms groupG ofXn−1
defined in 2.3. Hence, using the induction hypothesis: αG(Xn−1)> 1n−1 , and according to Tian
theorem, for α < 1
n−1
n−1
n
= 1
n
, we obtain:∫
Xn−1
exp
{−α(ϕ˜ +ψ1)}dvn−1 6 Cst exp{ −α
Vn−1
∫
Xn−1
(ϕ˜ +ψ1) dvn−1
}
.
As ψ1 is bounded, from the previous inequality, we infer∫
Xn−1
exp(−αϕ˜) dvn−1 6Cst exp
(
−α
Vn−1
∫
Xn−1
ϕ˜ dvn−1
)
,
i.e., if we replace, in the left hand side, ϕ˜ by its value (the average of ϕ on (X∗, dv∗)),∫
Xn−1
exp
(
−α
V ∗
∫
X∗
ϕ dv∗
)
dvn−1 6 Cst exp
(
−α
Vn−1
∫
Xn−1
ϕ˜ dvn−1
)
.(8)
Now, let us integrate (7) over Xn−1; in fact both members of this inequality depend on
(z1, . . . , zk), and may be considered as defined on the open dense subset (U∗n−1) of Xn−1. For
α < 1/n, we get:∫
Xn−1
exp
(
−α
V ∗
∫
X∗
ϕ dv∗
)
dvn−1 > Cst
∫
Xn−1
∫
X∗
exp(−αϕ)dv∗ dvn−1.(9)
Finally, combining (8) and (9),for α < 1/n, we conclude that∫
Xn−1
∫
X∗
exp(−αϕ)dv∗ dvn−1 6 Cst exp
(
−α
Vn−1
∫
Xn−1
ϕ˜ dvn−1
)
.(10)
In the next two steps, we will bound from below the left-hand side of (10) by
Cst
∫
X exp(−αϕ)dvX and bound from above the right hand side of (10) by a constant.
Step 4. We compare, in chart (U∗,pi), the volume elements
dv = dvX and dv∗dvn−1 = dvX∗ dvXn−1 .
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Let us remind that
dv = im det(gλµ) dz1 ∧ dz1 ∧ · · · ∧ dzm ∧ dzm,
where det(gλµ), the determinant of the metric g on X, is given by
det(gλµ)= nn−1
∏n
h=1[(dh − 1)t + nth]dh−1
tm+1
∏n
h=1 t
dh−1
h
.
On the other hand,
dv∗dvn−1 = im det(g∗λµ)det(gn−1,λµ) dz1 ∧ dz1 ∧ · · · ∧ dzm ∧ dzm,
with
det(g∗λµ)= 2
[2tn+ (dn − 1)(1+ tn)]dn−1
(1+ tn)dn+1tdn−1n
and, setting t ′ = t1 + · · · + tn−1,
det(gn−1,λµ)= (n− 1)n−2
∏n−1
h=1[(dh− 1)t ′ + (n− 1)th]dh−1
t ′(m+1−dn)
∏n−1
h=1 t
dh−1
h
.
So, it is clear that, in the cube xk = |zk|2 6 1, we have
dv∗dvn−1 > Cst dv.
Then, using the G-invariance of ϕ, the result holds thanks to Lemma 1, and we get:
Cst
∫
X
exp(−αϕ)dv 6
∫
Xn−1
∫
X∗
exp(−αϕ)dv∗ dvn−1.
Step 5. We want to get an upper bound of the rigth hand side of (10), i.e. of (− ∫Xn−1 ϕ˜ dvn−1).
Let us denote byG∗(P,Q) the Green function (chosen> 0) of the Laplacian1∗ on (X∗, g∗).
Applying the definition of G∗ to the restriction (ϕ + f1)|X∗ , where f1 = n log( t1+tn ) (see (4)),
we write
(ϕ + f1)(z1, . . . , zm)= 1
V ∗
∫
X∗
(ϕ + f1) dv∗ +
∫
X∗
G∗(P,Q)1∗(ϕ + f1)(Q)dv∗(Q).
Remind (cf. Step 1) that the g-admissibility of ϕ implies the g∗-admissibility of 2
n
(ϕ + f1)|X∗ .
Thus, as dimX∗=dn, 1∗(ϕ + f1)6 n2dn and the previous representation of ϕ + f1 in terms of
G∗ yields
(ϕ + f1)(z1, . . . , zm)6 1
V ∗
∫
X∗
(ϕ + f1) dv∗ +C1,(11)
where C1 is a constant.
Let us set (z1, . . . , zm)= (ζ, η), with ζ = (z1, . . . , zk), η= (zk+1, . . . , zm) and k = d1 + · · · +
dn−1 − 1= dimXn−1. Notice that the right hand side of (11) depends only on ζ ; (gn−1,λµ(ζ ))
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are the components of the metric gn−1 of Xn−1 in chart (Un−1,pi), dvn−1 is the corresponding
volume element.
We define the function δ by:
δ(ζ )= idn
∫
Cdn
(detgλµ)(ζ, η)
(detgn−1,λµ)(ζ )
dzk+1 ∧ dzk+1 ∧ · · · ∧ dzm ∧ dzm.
Hence,
idn
δ detgn−1
∫
Cdn
{
(ϕ + f1)det(gλµ)
}
(ζ, η) dzk+1 ∧ dzk+1 ∧ · · · ∧ dzm ∧ dzm
6 sup
η
(ϕ + f1)(ζ, η)
and, taking (11) into account,
idn
∫
Cdn
{
(ϕ + f1)det(gλµ)
}
(ζ, η) dzk+1 ∧ dzk+1 ∧ · · · ∧ dzm ∧ dzm
6
{
δ detgn−1
[
1
V ∗
∫
X∗
(ϕ + f1) dv∗ +C1
]}
(ζ ).
By integration over Ck , this inequality becomes:∫
X
(ϕ + f1) dv 6
∫
Xn−1
δ
{
1
V ∗
∫
X∗
(ϕ + f1) dv∗ +C1
}
dvn−1.(12)
But,
∫
X
ϕ dv = 0 and f1 > 0, thus
∫
X
(ϕ + f1) dv > 0. On the other hand, as we show below, for
some positive numbers µ1,µ2, we have
µ1 6 δ(ζ )6µ2(13)
and ∫
Xn−1
δ
(
1
V ∗
∫
X∗
f1dv
∗ +C1
)
dvn−1 = C2 <∞.
Notice that, since ϕ is g-admissible and
∫
X
ϕ dv = 0, maxX ϕ is bounded by C3, a constant
independent of ϕ, and
ϕ˜(ζ )= 1
V ∗
∫
X
ϕ(ζ, η) dv∗(η)6 C3.
From (12), we now infer∫
Xn−1
δϕ˜ dvn−1 +C2 =
( ∫
ϕ˜<0
+
∫
ϕ˜>0
)
(δϕ˜ dvn−1)+C2 6 µ1
∫
ϕ˜<0
ϕ˜ dvn−1 +µ2C3Vn−1 +C2,
and the requested upper bound follows:
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−
∫
Xn−1
ϕ˜ dvn−1 6−
∫
ϕ˜<0
ϕ˜ dvn−1 6 µ−11 (µ2C3Vn−1 +C2).
To justify (13), we notice that
det(gλµ)
det(gn−1,λµ)
= n
n−1
(n− 1)n−2
t ′(m+1−dn)
tm+1
∏n
h=1[(dh − 1)t + nth]dh−1∏n−1
h=1[(dh − 1)t ′ + (n− 1)th]dh−1
1
t
dn−1
n
has lower and upper bounds of the form
Cst
t ′(m+1−dn)
tm+1
∏n
h=1 tdh−1∏n−1
h=1 t ′dh−1
1
t
dn−1
n
= Cst t
′n−1
tnt
dn−1
n
(as d1 + · · · + dn =m+ 1).
Remark that, if Kdn = {(xk+1, . . . , xm);xj > 0 for any j } ⊂Rdn,∫
Cdn
t ′n−1
tnt
dn−1
n
dE =Cst
∫
Kdn
t ′n−1
(t ′ + tn)ntdn−1n
dxk+1 · · ·dxm
=Cst
∫
Kdn
dyk+1 · · ·dym
(1+ yk+1 + · · · + ym)n(yk+1 + · · · + ym)dn−1
(setting xj = t ′yj for j = k + 1, . . . ,m)
is a constant independent of ζ . And now (13) follows because
δ(ζ )=
∫
Cdn
(detgλµ)(ζ, η)
(detgn−1,λµ)(ζ )
dE(η). 2
3.3. Proof of Theorem 1
According to Theorem 2, Tian constant for X verifies αG(X)> 1/n. Then, using Theorem C
in [6], one shows that the Monge–Ampère equation (1) have solutions on X for λ < m+1
nm
(the
proof uses an isoperimetric inequality given in [5]).
Now, to establish the inequality between the Ricci and the metric tensors, we argue as follows.
We have logM(ϕ)=−λϕ + f, where M(ϕ)= det(g′g−1), g′λµ = gλµ + ∂λµϕ, and where f is
the geometric datum defined by Ricci(ωg)− ωg = i2pi ∂∂f . The Ricci tensor of the new metric
ωg′ is given by
Ricci(ωg′)=− i2pi ∂∂ log det(g
′)=− i
2pi
∂∂ log det
(
g′g−1g
)
= λωg′ + (1− λ)
(
ωg′ − i2pi ∂∂ϕ
)
= λωg′ + (1− λ)ωg,
which implies the searched result: Ricci(ωg′) > λωg′ .
When the family (dh)16h6n contains exactly p > 2 elements, the statement of the theorem
follows in an analogous way.
3.4. Evaluation of αG(Xd1,...,dn)
In this section we show that the lower bound 1/n of αG(X) given in Theorem 1 is sharp.
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We keep the notations of 2.4. In chart (U∗,pi), remind that K = log(tn∏nh=1 tdh−1h ) is the
potential of the metric g, and let us consider the function:
Ω =Ω(x0, . . . , xm)= log
(
tn
∏n
h=1 t
dh−1
h
p
α1
1 · · ·pαnn
)
=K − log(pα11 · · ·pαnn ),
where ph =∏j∈Ih xj , αh = (dh − 1)/dh for 16 h6 n− 1, and αn = (dn + n− 1)/dn.
First, since n +∑nh=1(dh − 1) =∑nh=1 dh = m + 1 and ∑nh=1 dhαh =∑n−1h=1(dh − 1) +
dn + n − 1 =∑nh=1 dh, Ω (considered as a function on the open subset V ∗ = pi(U∗) of Pm)
is homogeneous (hence well-defined on U∗), and clearly G-invariant.
On the other hand, if we write
Ω =
(
t
p
1/dn
n
)n n∏
h=1
(
th
p
1/dh
h
)dh−1
,
thanks to the arithmetic-geometric means inequality, we see that Ω is bounded from below on
U∗; let a = infU∗Ω .
Finally, we check that the function Ω is proper on U∗. As a first consequence, the infimum
a of Ω on U∗ is reached. If P ∈X −U∗, we show that limΩ(Q)=+∞ when Q ∈ U∗ tends
to P . In a neighbourhoodO of P , we write
Q= ([U1], . . . , [Un], [λ1U1 + · · · + λnUn]),
where [Uh] ∈ Pdh−1, Uh = (uk)k∈Ih ∈ Cdh − {0}, and [Λ] = [λ1, . . . , λn] ∈ Pn−1 (cf. 2.2). If
Q ∈O ∩U∗, we have
Ω(Q)= (|λ1U1|
2 + · · · + |λnUn|2)n∏nh=1 |λhUh|2(dh−1)∏n−1
h=1(
∏
k∈Ih |λhuk|)2(dh−1)/dh × (
∏
k∈In |λnuk|)2(dn+n−1)/dn
= (|λ1U1|
2 + · · · + |λnUn|2)n∏nh=1 |Uh|2(dh−1)∏n−1
h=1(
∏
k∈Ih |uk|)2(dh−1)/dh × |λn|2(
∏
k∈In | uk|)2(dn+n−1)/dn
.
When Q→ P , the numerator converges to a positive limit (since Uh(P ) 6= 0 for h = 1, . . . , n
and Λ(P) 6= 0) and the denominator goes to 0. Indeed, either λn(P ) = 0; or, if λn(P ) 6= 0,
for some k ∈ {0,1, . . . ,m}, uk(P ) must be equal to zero (otherwise, P should belong to U∗).
Consequently,
lim
Q∈U∗→P Ω(Q)=+∞.
If 0< ε < 1, let us set
Dε =
{
Q= pi−1([1, z1, . . . , zm]) ∈ U∗; ε 6 xk(Q)6 1 ∀k = 1, . . . ,m}.
LEMMA 2. – For any λ and ε belonging to ]0,1[, there exists a g-admissible, G-invariant
function ϕλ,ε ∈ C∞(X) equal to −λΩ on the compact subset Dε of U∗, constant in a
neighbourhood of X − U∗, and such that maxX ϕλ,ε =−λa, with a =minU∗Ω . Moreover, the
integral
∫
X
ϕλ,ε dv is bounded from below, independently of λ and ε.
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Proof. – Picking A > maxDε Ω > a, there exists a C∞ function f : [a,+∞[→ R, convex,
decreasing, such that
f (t)=−λt if t ∈ [a,A], 1+ f ′(t) > 0 ∀t > a,
and
f (t)= Cst for t > A′ sufficiently large.
Then, we consider theG-invariant function ϕ = ϕλ,ε ∈C∞(X) defined, on U∗, by ϕ = f ◦Ω .
It is clear that maxX =maxf =−λa. Thanks to the properness of Ω and the behaviour of f at
infinity, ϕ is constant outside a compact subset of U∗, i.e. in a neighbourhood of X−U∗ (since
{Q ∈ U∗;Ω(Q)> A′} is a compact subset of U∗). Also, as Ω(Q)6A for Q ∈Dε , we see that
ϕ =−λΩ on Dε .
Now, we notice that ϕ is g-admissible. We need to check this property only on U∗. But, on
U∗, ∂λµΩ = ∂λµK because ∂λµ log(pα11 · · ·pαnn )= 0, and
g′λµ = gλµ + ∂λµϕ = ∂λµ(K + f ◦Ω)= (1+ f ′ ◦Ω)∂λµK + (f ′′ ◦Ω)∂λΩ∂µΩ.
Hence, g′λµ is positive definite, as ∂λµK is, since 1 + f ′ ◦ Ω > 0, f ′′ ◦ Ω > 0, and
∂λΩ∂µΩζ
λζµ > 0 for any ζ ∈Cm.
Let us finally get a lower bound of
∫
X
ϕ dv, independent of λ and ε. Since ϕ is g-admissible,
if G(x,y) denotes the positive Green function of the Laplacian 1 on (X,g), and if C is the
constant
∫
X
G(x, y) dv(y), we have:
ϕ(x)= 1
V
∫
X
ϕ dv+
∫
X
G(x, y)1ϕ(y)v(y)6 1
V
∫
X
ϕ dv+mC.
Picking x such that ϕ(x)=maxX ϕ =−λa, we infer:
1
V
∫
X
ϕ dv >−λa −mC > Cst.
THEOREM 3. – When d1 < · · ·< dn, we have αG(X)= 1/n.
Proof. – According to Theorem 2, we know that αG(X)> 1/n. To prove that αG(X) 6 1/n,
we will establish that, for any α > 1/n, there exists a family (ϕε)ε>0 of G-invariant admissible
functions, such that
lim
ε→0
∫
X
exp
{
−α
(
ϕε − 1
V
∫
X
ϕε dv
)}
dv =+∞.(14)
Let us pick λ ∈]0,1[ such that β = αλ > 1/n. For any ε ∈]0,1[, we consider the fuction
ϕ = ϕλ,ε constructed in Lemma 2. Since
∫
X
ϕε dv >Cst , to obtain (14), it is sufficient to see that
I (ε)=
∫
Dε
exp(−αϕε) dv→+∞ when ε→ 0.
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If dEm = dx1 · · ·dxm, using Proposition 1 (which gives the value of detg in chart (U∗,pi))
yields on Dε :
dv > Cst
( n∏
h=2
t
1−dh
h
)
dEm;
furthermore, always on Dε ,
exp(−αϕε)= exp(αλΩ)=
(
tn
∏n
h=1 t
dh−1
h
p
α1
1 · · ·pαnn
)αλ
> Cst
∏n
h=2 t
(dh−1)β
h
p
α1β
1 · · ·pαnβn
.
Consequently,
I (ε)>
∫
ε6x1,...,xm61
dEm
(p
α1β
1 · · ·pαnβn )
∏n
h=2 t
(dh−1)(1−β)
h
= I1(ε) · · ·In(ε);
at the right-hand side, we separate the variables x1, . . . , xm by blocks.
We study each integral Ih(ε) using spherical change of coordinates. Taking into account the
values of α1, . . . , αn, we obtain successively:
I1(ε)=
∫
ε6x1,...,xd1−161
dEd1−1
(x
α1β
1 · · ·xα1βd1−1)
6 Cst
1∫
0
rd1−2 dr
r(d1−1)β
= Cst
(since (d1 − 1)β − (d1 − 2) < 1);
then, for 26 h6 n− 1,
Ih(ε)=
∫
ε6xj61,j∈Ih
dEdh
(
∏
j∈Ih x
(dh−1)β/dh
j )(
∑
j∈Ih xj )(dh−1)(1−β)
6 Cst
1∫
0
rdh−1 dr
r(dh−1)β r(dh−1)(1−β)
= Cst;
finally:
In(ε)=
∫
ε6xj61,j∈In
dEdn
(
∏
j∈In x
(dn−1+n)β/dn
j )(
∑
j∈In xj )(dn−1)(1−β)
=Cst
1∫
ε
rdn−1dr
r(dn−1+n)β r(dn−1)(1−β)
= Cst
1∫
ε
dr
rnβ
tends to +∞ when ε→ 0, because nβ > 1. This concludes the proof of Theorem 3. 2
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